Abstract: Nonlinear free vibration of truncated conical shells has been investigated for three different shell theories; Donnell, Sanders and Nemeth to investigate the effect of their simplifying assumptions. The displacement field of a finite element model that was obtained from the exact solution of equilibrium equations of Sander's improved first-approximation theory is used to define the nonlinear strain energy of conical shells. Employing generalized coordinates method the equations of motion are derived and subsequently the amplitude equation of nonlinear vibration of conical shells was developed. The amplitude equation is solved for multiple cases of isotropic materials. Linear and nonlinear free vibration results are validated against the existing studies in scientific literature and demonstrate good accordance. The validated model is used to investigate effects of different parameters including circumferential mode number, cone-half angle, length to radius ratio, thickness to radius ratio and boundary conditions for the nonlinear vibration of conical shells.
Introduction
Conical shells are one of the important structural elements of aerospace vehicles and can be found in different applications ranging from ray-domes up to satellite launch vehicles with large fuel tanks. In comparison to cylindrical shells and flat plates, nonlinear vibration of conical shells has received less attention in scientific literature. One of the earliest studies is the work of Lindholm and Hu [1] which is focused on non-symmetric transverse vibrations of isotropic truncated conical shells using Donnell's type of nonlinear kinematics with a focus on bending and membrane rigidity. Sun and Lu [2] studied the dynamic response of conical and cylindrical shells under ramp and sinusoidal temperature loads using Donnell's nonlinear shallow shell theory. Bendavid and Mayers [3] developed a nonlinear theory for bending, buckling and vibrations of conical shells based on Sander's nonlinear theory and proposed a variation of the generalized coordinates method to predict the shell's response. Kanaka Raju and Venkateswara Rao [4] studied largeamplitude asymmetric vibrations of shells of revolutions by employing Sander's nonlinear kinematics to obtain finite element stiffness matrix. Their proposed iterative method includes iterating over and refining the stiffness matrix to achieve convergence. Ueda [5] employed an equivalent of Donnell's shallow shell theory to formulate a two degrees of freedom finite element for analyzing the free vibrations of conical shells. He employed the same methodology on cylindrical shells and demonstrated that his results are in good accordance with those of Olson [6] . Liu and Li [7] used Donnell's type of nonlinearities in conjunction with Galerkin's method to study the vibration of shallow conical sandwich shells. They presented the effects of variation of several parameters including boundary conditions and the stiffness of the sandwich core on the nonlinear response of the shell. Xu et al. [8] studied the nonlinear vibration of thick conical shells, using Donnell's shallow shell theory and proposed a solution in form of double Fourier series with time dependent coefficients. Their results show good accordance with exiting data. Fu and Chen [9] took similar solution approach to Xu et al. [8] , they presented the effects of various parameters including the relative thickness to radius ratio on the nonlinear frequency. Awrejcewicz et al. [10] and Krysko et al. [11] studied the transition from regular to chaotic vibrations of isotropic spherical and conical shells taking into account Donnell's type of nonlinearities. They studied the effects of various parameters including cone-half angle, the amplitude and frequency of the excitation force and the boundary conditions on the transition to chaotic behavior. Chen and Dai [12, 13] employed Donnell's nonlinear theory to study nonlinear vibration and stability of rotary truncated conical shells including the coupling of high and low modal responses and stated that right rotation could have a hardening effect on the shell's stability. Sofiyev [14] studied the nonlinear vibration of truncated conical shells made of functionally graded materials (FGM). They used the Galerkin and harmonic balance methods, and presented their results on the influence of compositional profiles and shell geometry on the nonlinear dimensionless frequency. In follow up studies Najafov and Sofiyev [15, 16] expanded these results to include FGM conical shells surrounded by an elastic medium on a Pasternak-type elastic foundation and truncated cones coated by FGM materials. Sofiyev [17] investigated the large-amplitude vibration of non-homogeneous orthotropic composite truncated conical shells. The Young's modulus and density were assumed to vary exponentially through the thickness of the shell and the effects of various parameters including non-homogeneity, orthotropy and shell geometry on the dynamic response of the shell were presented.
While the the Galerkin method has been the chosen solution method of the majority of prior studies; there are considerable difficulties in using it to handle different boundary conditions. Moreover the case of anisotropic materials has not been formulated in finite element form. The objective of this study is to develop a hybrid finite element model and solution for the nonlinear vibration of anisotropic conical shells. The solution consists of two parts: -The conical shells finite element displacement functions are derived from exact solution of Sander's improved first order linear shell theory using a method generally similar to [18, 19] and [20] . -Substituting the developed finite element formulation into the nonlinear strain relationship (kinematics) of Donnell, Sanders and Nemeth nonlinear theories, kinetic and internal strain energies are expressed in terms of nodal displacements. Then, employing the generalized coordinates method, the equations of motion of the nonlinear shell are derived using the Lagrange method. Numerical solution of these equations of motion is used for the dynamic analysis of conical shells.
Nonlinear kinematics
Nemeth [21] formulated a shear deformation type of shell theory that can provide Donnell's and Sanders' shell theories as explicit subsets. The kinematics of this theory is developed based on the assumption of small strains and moderate rotations that themselves are subsets of the general derivations of none-orthogonal principal coordinates of what he presented in [22] . The geometrical and coordinates system of the truncated cone element of the current study are shown in Figure 1a . The longitudinal and radial principal-curvature coordinates are denoted by x and (. The cone half-angle ! c and the slant length of the cone can be obtained from L = x 2 -x 1 . Assuming the reference surface is located at the middle of the shell thickness and neglecting transverse shear deformation, the three fundamental unknowns in this formulation are two middlesurface tangential displacements U = u 1 (x, () and V = u 2 (x, () and the normal displacement W = u 3 (x, (). The tangential and normal displacement fields of a material point p(x, (, . 3 ) in a shell expressed in the orthogonal principal-curvature coordinate systems are given as:
where . 3 denotes the normal distance from the middle surface. The linear rotation parameters > 1 , > 2 and > are defined as follows:
In addition, the in-plane linear deformation parameters are defined as:
Using the linear rotation and deformation parameters, the strain-displacement relationship on the reference surface of this theory based on the assumption of small strains and moderate rotations are: 
In the above formulation: -Specifying c NL = 0 and c 3 = 1 simplifies the kinematics to the improved first-approximation linear shell theory of Sanders [23] . retrieves Sanders' kinematics with the nonlinear rotations about the reference-surface normal neglected [24, 25] . This is indicated as "SANDERS-APX" in the results of current study. -Specifying c NL = 1, c 1 = c 2 = c 3 = 0 defines Donnell's strain-displacement relationship [26] .
The strains on a point at . 3 normal distance from the middle surface can be expressed in the following matrix form:
: : : . 3 = : 11 : 22 # 12
(6) The corresponding strains on the middle surface are defined as:
The definitions of the [S S S] matrices can be found in appendix A of [27] .
Stress-strain relationship
When the coordinate system of the elasticity tensor is not aligned with the global coordinate system, the transformed stress and strain fields are given by:
where3 3 3 and: : : are the rotated stress and strain vectors.
In the case of a homogenous fully anisotropic material, the transformed compliance tensor C of eq. (8) can be calculated as follows:
The definition of [T3 3 3] and [T:
: :] are provided in [27] . In the absence of shear deformation, under the plane stress assumption,3 33 =3 23 =3 13 = 0. Under these conditions, the stress-strain relationship can be defined as:
The relationships to obtain the plane stress reduced compliance tensor ( Q Q Q ) are provided in [27] .
Constitutive equations
The two dimensional constitutive equations of the shell can be defined as follows:
Details of stress resultants of eq. (11) 
Linear solution and finite element formulation
Using the principle of virtual work, three linear equilibrium equations of conical shells based on Sanders' best first approximation [23] and in terms of stress resultants can be obtained [21] . These three equations are presented in Appendix A. Substituting work-conjugate stress resultants of (11) into the equilibrium eqs. (46), (47) and (48) of Appendix A results in a system of linear differential equations. These were found to be non-homogeneous in terms of powers of x. Therefore additional assumptions are needed to facilitate obtaining an analytical solution.
To this end, it is assumed that the thickness of shell varies linearly along the x coordinates:
where " denotes the thickness variation proportionality. To simulate constant thickness shells, the value of " is chosen so that the constant thickness occurs in the middle of any element of the shell. This variable thickness substitution makes it possible to employ the separation of variables technique using the following form for the solution:
where n c is the circumferential mode number and x = x/x m is the dimensionless longitudinal coordinates with x m = 0.5(x 1 + x 2 ). The longitudinal component of the solution is chosen as:
where
is the arbitrary magnitude of the displacement. Substituting eq. (13) in equilibrium equations of (46), (47) and (48) of Appendix A followed by some lengthy mathematical manipulations yields three equations in the following form:
where L i,j (s) are only functions of u d,x and the associated derivatives along x direction, circumferential mode number and shell parameters such as elasticity and geometry. Hence, for any given element with specific dimension and properties, the only variable that appears in L i,j is +. Therefore, it is possible to rewrite the equilibrium equations in the following matrix form:
where elements of [AQ AQ AQ] are polynomials in terms of + and details of their derivation are given in [27] . To satisfy any arbitrary displacement, the determinant of [AQ AQ AQ] should be equal to zero and this yields a characteristic polynomial that can be solved to obtain values of +. The number of distinct roots of the characteristic polynomial defines the degrees of freedom of the element. For the case of isotropic materials, there are eight distinct roots so the element has eight degrees of freedom. For other types of materials in terms of anisotropy and the shear model up to sixteen degrees of freedom can be observed. Assuming presence of K distinct roots, the final solution of the system is obtained by summation of all these solutions: The finite element of the current study is bounded by two nodal lines and the degrees of freedom of those nodes $ i $ j are shown in Figure 1a . For the case of isotropic materials, four degrees of freedom at each node are chosen as presented for $ i node in Figure 1b . Mathematically, these degrees of freedom can be written as:
where at m = i and m = j, x m takes values of x i = x 1 and x j = x 2 accordingly ( Figure 1a ). Using eq. (18) and recognizing the linear dependency as a result of zero determinant of [AQ AQ AQ] matrix, and some mathematical operations that details of them can be found in [27] , the unknown amplitudes of vibration (C 1 , C 2 , C 3 ) in the displacements of eq. (13) can be expressed in terms of each element's degrees of freedom:
where [A A A] contains only constant real numbers. Subsequently:
Rearranging into a matrix form and substituting (22) in eq. (13) yields the following displacement matrix:
where the elements of [R R R] are defined as follows:
Subsequently, the elements of the displacement matrix [N N N] take the following form:
( 2 5 ) Assigning the function space defined by eq. (24) S it can be quickly proven [27] that due to associativity, commutativity, existence of zero and one for addition and multiplication operations, this set defines a mathematical ring. Moreover the derivatives of R d,k (x, () with respect to x and ( coordinates belong to the same ring. These properties can be exploited programmatically to derive displacements, strains and stress-strain relationships of eqs. (1)- (10) in terms of this type of function.
Equations of motion
Shell motion has two components, spatial and temporal. Eq. 25 defines the spatial component of shell motion. Introducing $ $ $ = $ $ $(t) as the temporal (time-dependent) component of shell's motion, it is possible to develop the equations of motion of the shell, using the generalizedcoordinates method. Assuming the system consists of N finite elements, each with K degrees of freedom, the Lagrangian equation of motion based on Hamilton's principle can be expressed as follows:
where -D is the total degrees of freedom of the system after assembling mass and stiffness matrices of elements and applying the constraints; -T is the total kinetic energy of the system; -V is the total elastic strain energy of the system; -q i is the nodal external force.
Eq. (26) can be rewritten in matrix form as follows:
Kinetic energy
The kinetic energy of an element has three components; pure translational (T T ), cross translational-rotational (T TR ) and pure rotational T R . In the absence of shear deformation (T TR ) and T R are neglected. Therefore, the structural mass matrix for a single element can be defined as follows:
Details of variables of eq. 28 can be found in [27] . It should be noted that [MT M T M T] e is a symmetric positive definite matrix. The structural mass matrices of all elements can be assembled to obtain the whole system mass matrix using standard finite element assembly procedures. The corresponding assembled matrix is named [MT M T M T] . Finally by performing some mathematical operations (details are given in [27] ), the kinetic energy term of the equations of motion can be obtained from the following equation:
[MS M S M S] denotes the assembled structural mass matrix of the whole system.
Internal strain energy
The internal strain energy over the shell element surface area (K) is defined as:
Taking into account eqs. (6) and (10) for variable thickness conical elements, the through-the-thickness integral of eq. (30) can be obtained from the following equation:
The constitutive matrix C C 0 CC 0 CC 0 of variable thickness truncated conical elements is given in [27] . The strain vector {E ○ E ○ E ○ } can be decomposed into its linear and nonlinear components:
where $ ⊗p $ ⊗p $ ⊗p is the Kronecker product power p of vec-
are provided in appendix I of [27] . The following stiffness matrices for each element: 
can be defined. Hence the strain energy of the element can be written as follows:
The total strain energy can be obtained from the summation of the strain energies of all elements of the system. Hence, similar to the mass matrices, the structural stiffness matrices of all elements can be assembled to obtain the whole system stiffness matrices. K 22] . Finally for the whole system, the derivative of the strain energy with respect to the degrees of freedom can be formulated as: 
Equations of motion in terms of nodal displacements
Substituting eqs. (29) and (37) in (27) results in the following equation of motion:
7 Free vibration
Harmonic motion and linear vibration
Different approaches can be used to obtain nonlinear response of the system from eq. (38) . One approach is to use the forced vibration response of the system to obtain the backbone curve as the middle curve between the forced vibration response to periodic excitement such as what described in [28] . While this approach simulates the experimental procedure, it requires significant computational time for simulation. Moreover, capturing and triggering some phenomena such as response jump in simulations is not a straightforward process. Another common approach that is used in the current study is to develop a nonlinear eigenvalue problem from the equations of motion [29] . Assuming a harmonic solution in the form of $(t) $(t) $(t) = $ max $ max $ max sin(9t) with zero external force ({} = 0), the large amplitude nonlinear free vibration of a truncated conical shell can be expressed in the following form:
where {R R R} is the residual vector. The definition of operator vecI (n×m) () that converts the Kronecker product of two vectors to conventional matrix multiplication can be found in appendix J of [27] . For the linear free vibration case, the nonlinear matrices K 12 K 12 K 12 and K 22 K 22 K 22 are dropped and eq. (39) is reduced to:
Eq. (40) can be solved as a classic linear eigenvalue problem to obtain 9 2 L . For better interpretation and analysis, it is convenient to report the dimensionless frequency that is defined as follows:
Nonlinear free vibration
Assuming the period of nonlinear vibration to be 4, the maximum displacement $ max $ max $ max occurs at t = 4/4 where 9t = 0/4. Under these conditions (39) is reduced to:
It is worthy to mention that some of the earlier studies (e. g. [30] and [31] ) have solved eq. (42) as an eigenvalue problem and predicted different behavior. Because eigenvalue solution of (42) does not satisfy the nonlinear equilibrium equation of (38) at all the times in the periodic motion, the nonlinear frequencies calculated by such an approach are not accurate [29, 32] . Employing a weighted residual [29] for integration between t = 0 → t = 4/4 that represent the amplitude variation between {0 0 0} → $ max $ max $ max yields [32] :
Taking into account that $ max $ max $ max is independent of the time (39) can be transformed into the following eigenvalue problem:
Eq. (44) can be solved as an eigenvalue problem using the "vector iteration method" given in [29] and [27] .
Convention of boundary conditions
Using Tong's [33] convention, for the case of isotropic materials where a truncated cone has four degrees of freedom at each edge, notations of the nodal boundary conditions are shown in Table 1 . The first and second Table 1 for "CC4".
Results and discussion

Validation: convergence and linear frequencies
An in-house computer program was developed to perform the calculations. To investigate the validity of the model, the first step was a comparison of the convergence and accuracy of the linear frequency of vibration with those of four available experimental cases in the literature. The results are shown in Figure 2 and Table 2 : -Case 1: Free-free vibration of conical shells made of cold-rolled steel as reported by [34] . Table 4 in reference [35] ).
It should be noted that to maintain accuracy in the current study, the linear part of the kinematics equations has always been modeled using the linear part of Sander's kinematics (c 3 = 1 in eq. (2)). Figure 2 shows the variation of calculated dimensionless frequencies versus the circumferential mode number for different numbers of elements in Case 1 for the first and second modes of vibration.
The results show excellent agreement. Considering the results of this case, the number of elements was chosen to be twenty elements for the rest of the linear cases. The correctness of boundary conditions implementation was investigated in cases 2, 3 and 4. The values of the dimensionless linear natural frequencies are presented in Table 2 and show good accordance with the experimental results.
Validation: nonlinear vibration of cylindrical shells
There are a limited number of studies on the nonlinear vibration of conical shells and some lack sufficient data to enable reproduction of the results. Therefore for validation of the nonlinear results of the current study, the case of a cylindrical shell was simulated using a cone with a very small angle. Two cases were studied: -Case 5: Nonlinear vibration of a cylindrical shell reported by Nowinski [38] , Raju and Rao [39] and Selmane and Lakis [40] where the shell parameters were given as: ted by Raju and Rao [39] is the same as Case 5 other than the boundary conditions, which were reported to be SS0-SS0. The natural linear vibration frequency obtained in the current study is 6453.46 Hz vs 6428.07 Hz reported by Raju and Rao [39] ; these differ only by 0.5%. Figure 3a shows a comparison of the backbone curve for Case 5. It can be seen the results of current study lie between those reported by Selmane and Lakis [40] and Raju and Rao [39] and show good accordance. Figure 3b shows a comparison of the results of the present study and those reported by Raju and Rao [39] for Case 6 and it also shows good agreement. It should be noted that while Nowinski [38] used Donnell's type of nonlinearities in his study, Raju and Rao [39] and Selmane and Lakis [40] employed Sander's theory taking into account the nonlinear rotations around the normal to the surface plane (c 1 = 0 and c 2 = c 3 = 1). Moreover, Nowinski [38] assumed the mode shapes to have two components, a harmonic and a time variable component. This is intended to satisfy the periodicity of the circumferential displacements that behaves roughly similar to a companion mode and might result in lower nonlinear frequencies. On the other hand, Raju and Rao [39] formulated the finite element solution in terms of a 12-degree polynomial, which is relatively more loose in comparison to the 8 degrees of freedom of this particular case in the current study. Although the work of Selmane and Lakis [40] is more similar to the current study; the non-diagonal elements of the nonlinear stiffness matrix are neglected. Based on numerical results (not presented here), omitting the non-diagonal elements of the nonlinear stiffness matrix results in higher nonlinear frequencies. An exact match to those reported by Selmane and Lakis [40] could not be obtained with the formulation and tools developed during the current study.
Nonlinear vibration of truncated Conical Shells
Circumferential mode number
Once the developed model was sufficiently validated, the effects of various parameters on the nonlinear frequencies of conical shells were studied. It is worthy to mention that all the results of nonlinear vibration for conical shells were obtained at twenty finite elements. Figure 4 shows the variation of nonlinear frequency for different circumferential mode numbers; n c = 5 -8 for the loosely clamped truncated cone of Case 3 (! c =45.1 ○ and CC3-CC3) both in terms of backbone curve and the nonlinear frequency Hz. The first observation from Figure 4b is the smaller differences between the predictions of different theories for conical shells in comparison to cylindrical shells. Investigating the mode shapes (not presented here) revealed that this can be partially attributed to the fact that the maximum amplitude of nonlinear vibration of the truncated cone occurs at nodes close to the large edge. For cylindrical shells it occurs close to the middle of the cylinder. Therefore, the effect of the constraint on the amplitude of the vibration is more dominant and it limits the rotational terms in more complex theories. Moreover, as can be seen, increasing the circumferential mode number increases the nonlinearity effects on the relative nonlinear frequency. This can be explained by the appearance of n c as a multiplier in the differentiations with respect to the second principle coordinates (∂/∂() in the linear rotation parameters > 2 and > of eq. (2). Same phenomenon can be observed more clearly in Figure 4b . While the minimum linear frequency for this case happens at n c = 9, for large amplitude nonlinear vibration; $ max /h = 3, the amplifying effect of the circumferential mode number results in the occurrence of lowest observable nonlinear frequency at n c = 7. Furthermore, the same effect results in multiple cross-overs between the nonlinear responses of different circumferential mode numbers. Similar behavior is reported by Sofiyev [17] (Figure 6 ). Therefore to obtain the minimum nonlinear frequency for the amplitude of interest; it is important to perform the nonlinear analysis over a wider range of circumferential mode numbers instead of relying on the lowest linear frequency.
Geometry
To investigate the effect of geometrical properties the following cases were studied: (Figure 4a ) for the effect of cone half angle at slightly different boundary conditions. The first contributing factor to this behavior is the increase of the lateral area (and subsequently the mass of the cone) for this configuration by about 60% when the angle increases from 15 ○ to 75 ○ . Notably, the differences between predictions of Donnell's and Sanders' and Nemeth's theories follow the same trend. In case of conical shells in the current formulation 1/R 1 = 1/1 11 = 0. On the other hand, 1/ sin(! c ) and 1/ tan(! c ) appear in the denominator of the omitted terms of Donnell's theory (second principle and geodesic radii of curvature). This is another factor that contributes to this behavior. In other words, the tangential displacement (u 2 = V) induces stronger nonlinear behavior for cases closer to cylindrical shells than those of flat plates. As can be seen the effect of nonlinearity shows its minimum value at 45 ○ . Figure 5b shows the effect of variation of the slant length to small radius ratio for the cone of Case 8. The selected values are L/r 1 = 0.5, 1.0, 1.5, 2.0 and 2.5. The corresponding first mode linear natural frequencies were calculated to be 2636.1, 1428.5, 657.9, 434.5 and 315.1 Hz. It can be seen that the relative nonlinear frequency increases with increasing the length of the cone. Longer cones demonstrate stronger nonlinear response at higher amplitudes. Figure 6 shows the variation of the relative nonlinear frequency with the variation of h/r 1 = at r 1 /h =400, 200, 100, 50 and 25. The associated linear frequencies were calculated to be 141.5, 147.2, 186.6, 232 and 362.5 Hz respectively. Skipping the Case of very thin shells (r 1 /h=400), the variation of relative nonlinear frequency with the thickness is seen to follow a linear trend. Recalling Figure 4a , the variation of relative nonlinear frequency with the absolute amplitude of the vibration follows a semi-second order curve. Figure 6 can be explained by the fact that the linear frequencies increase linearly with the thickness and therefore the variation of relative nonlinear frequency with thickness becomes linear as a result of the division of a second order function by a first order one. Similar behavior was reported by Sofiyev in Figure 4 of [14] . 
Boundary conditions
Though various boundary conditions were applied for the previous cases, the effect of boundary conditions is specifically investigated in this subsection. The cone geometry and material properties were selected to be the same as Case 3 and n c = 7. The selected boundary conditions are: CC2-CC2, CC4-CC4, SS1-SS1, SS3-SS3 and F-CC4. Figure 7a presents the backbone curves for boundary conditions CC2, CC4 and F-CC4. The nonlinear responses of simply supported shells are presented in Figure 7b and demonstrate stronger relative nonlinear response in comparison to clamped shells. As can be seen, constraining more degrees of freedom results in a reduction of the relative nonlinear frequency in both clamped and simply-supported shells. This is more visible by the behavior of F-CC4 shown in Figure 7a . It should be noted that, as shown in Figure 8 , the more constrained cases demonstrate higher linear frequencies and therefore their reduced nonlinear responses still have higher absolute frequencies. For the case of free-clamped truncated cone, the free end increased the nonlinear response to the extent that it surpassed the more constrained cases. 
Conclusion and remarks
In the current study, the nonlinear vibration of truncated conical shells was formulated for anisotropic materials according to four different shell theories; Donnell, Sanders with nonlinear rotation along the normal to surface neglected, Sanders and Nemeth. The formulation employed finite element exact solution of the linear case in conjunction with the generalized coordinates obtained by Lagrange equations to develop equations of motion of conical shells. The nonlinear amplitude equation of the vibration in the matrix form was solved using a hybrid iterative method to study the effect of various parameters on the nonlinear response of conical shells. Results for the linear frequencies were validated against the existing experimental data in the literature for truncated cones and show good accordance. The nonlinear results were validated against the existing results of cylindrical shells and found to be in good agreement. Effects of various parameters were studied and are summarized as follows: -In all cases Donnell's theory predicted a higher nonlinear relative frequency than the other three theories. Further, in all cases presented in the current study, the difference between the predictions of Nemeth's and Sanders' theories was found to be very small, though those of Sander's theory were found to have larger value. Since there is a significant emphasis on shear deformation in the development of Nemeth's theory [21] , the above results can be attributed to the relatively thin shells selected for the current study and the corresponding absence of shear deformation. Based on the obtained results and the insignificant differences between Nemeth and Sanders theories, it is more practical to avoid larger amount of computations required by Nemeth theory and use Sanders as a good approximation for this type of problems. -It was found that higher circumferential numbers result in an amplified nonlinear response. -The relative nonlinear frequency demonstrated its minimum when the semi-vertex angle of the cone is equal to 45 ○ degree while the difference between Donnell's and other theories is larger at lower semivertex angles. It was found that the nonlinear response increases as the length to small radius ratio increases and this effect is stronger at higher amplitudes of vibration. -Other than the case of very thin shells, the variation of relative nonlinear frequency with thickness was found to be linear with higher slopes at higher amplitudes of vibration.
-It was found that the shell demonstrates a weaker "relative nonlinear response" (nonlinear to linear frequency ratio) at more rigid constraints, though the absolute value of the nonlinear frequency is higher for more constrained cases. -Within the range of thicknesses, length to diameter ratios and materials that are investigated in the current work, the differences between predictions of studied theories found to be less than 2%.
Appendix A. Conical shell linear equilibrium equations in terms of stress resultants
The principle parameters of conical shells can be obtained from the following equation: By introducing the geometrical parameters of conical shells into the general equilibrium equations of Sanders' improved linear theory [23] ; one obtains the equilibrium equations of a conical shell as follows: 22 geodesic radii of curvature radii of curvature along x and ( directions $ $ $ e vector of element degrees of freedom $ $ $ vector of whole system degrees of freedom
